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Fig. 2 The fission yeast
cell-cycle threshold Boolean
netwoek, Using the sume
configuration as (Davidich and
Bornholdt 2008), the green/ealid
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. ., Fig. 7 (a) State transition graph for Yeasts, without Starr and SKX, esing the pamallel epdating sches
t cell | L T e (b) State transition graph for the complese Yeart], using the sarallel wpdating scheme. The fwelve 1
St cell-CcycCle N circles represent the fixed point states, the three blue circles represent the states that belong to the liz

eshold Networks
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= dynamics
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Fig. 10 The bodding yeast eell-cycle threshold Boolean setwaork. Using the same configuration s (Li
et al. 2002), the green/solid edges represent positive weights (activitions), the redidashed edges represent
sepative weights (mbiabitory). The yellow/Solid loops represent sell-dogradation
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/ \ Some Block-Sequential

{1}{2,3} {1,2} {3} partitions for three
\ / sites

sequential {1} {2} {3}

EXAMPLE

F{1,2’3}(x1,x2,x3) = (X,,X, + X3,7X,)
F{1,2}{3}(Xlax2 ax3) = (xz,xl + X5 a(ﬁx1)(ﬁx3))
F{1}{2,3}(x1ax2ax3) = (X,,X, + X3,7X,)

F{1}{2,3}(X19x2ax3) - (xzaxz + X5 a(_'xz)(_'x3))
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Cycles for synchronous and sequential updates

F :{0,1}° — {01}’ G :{0,1}° —{0,1}°
Si(x,x,,%5) = x, 8 (X, X,,X3) =X,
Sr(x,%,,x5) = X, 8, (X, X,,X3) = X3
Sf3(xp,x,,x3) = X, 83(X),X,,%3) = X,

a o 601 — [0
-~ -

001 |— [010 |=[101 | —[110]
’ 110 *

Parallel update: 3-cycles

Sequential update: 2-cycle
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41 non-equivalent sequential




Rule fi(u, v, w) Rule fi(u, v, w)
0 0 108 uvw + vw + uv
1 uvw 128 UVW
4 uvw 129 uv W + uvw
5 uw 132 wvw + uvw
8 uvw 133 uvw +uw
9 uUv W + wvw 136 VW
12 uv 137 uvw + vw
13 uw + uv 140 v + vw
28 UV W + Uv 141 uw + vw
29 VW ~+ uv 150 UV W + wvw + uow + uovw
32 UvW 152 UV W + vw
40 UDW + uvw 156 uv W + uv + vw
51 v 160 uw
54 uvw + uv + vw 164 wvw + uw
57 wow + v w + uv 168 uw + vw
60 uv + uv 172 uv + uw
72 UVW + uvw 184 uv + vw
73 v W + wvw + uvw 200 uv + vw
76 vw + uv 204 v
77 uw + vw + uv 232 uv + vw + vw
105 UV W + wvw + uvw + uvw

TABLE 1

The 41 representative rules w-independent of [5] and its minimal disjunctive normal
form representations. At each time step, the value z; is updated according to the rule
z; = fi(u,v,w) where u = x;—1,v = z; and w = T;41.
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Block invariant rules

0,8,72,128 4,12,76, 132,
136, 200 140, 204 28 51 141

sl I

s2

s3

s10

i
57 |

s30

Evolution of the 15 block invariant Wolfram’s rules starting with a single
one in the 16th position, under the block updates s; = (1)(2)---(30),
ss = (1,2)(3,4)---(29,30), s3 = (1,2,3)(4,5,6)---(28,29,30), s7 =
(1,...,7)(8,...,14) - - - (22, ...,28)(29, 30), s10 = (1,...,10)---(21,...,30) and
§30 — (1, ,30)



§=H(Ewijxj —b) for Isi=n

j=1

W = (W,-j) the weight integral matrix

b = (bl) the threshold vector

Hw=1 i  y=0

0 otherwise




For arbitrary matrices W previous model may accept,
Iterated in parallel or sequentially, long period cycles
and transients ...

But when W is symmetric the network converges to
fixed point or two periodic cycles (parallel update),

And, if diag(W)=0 to fixed point (sequential update).

E.G, J. Olivos, Periodic behaviour of generalized threshold functions,
Discrete mathematics, vol 30, pp 187-189, 1980.

E.G., Fixed Point behavior of threshold functions on a finite set, SIAM Journal on
Alg. And Discrete Methods, vol 3(4), pp 2554-2558, 1982.
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Union of the first | prime number’s staircases of size

p+1=3p,+1=4;p,+1=6,p, +1=8,....,p, +1

I
So by considering the global partition T = UTk
k=1

The period of the network is T= Hpk = eg(‘/IV(G)”OgW(G)')

Same arguments can be done for the transient time.
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Sakoda’s attitude matrices

-1, 0, 1 entries

There are 81 matrices. By diagonal symmetries
(changing blacks and whites) only 45 different.
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Figure 5: Phase diagram for different values of ¢ and x considering Short influence potential /Long range movement
in a one dimensional lattice. This attractors are the results of simulations considering 128 one dimensional lattice.
The time goes from top to bottom; the red line divides between the first 200 evolution steps and the final 200 evolution

steps. We consider preiodic boudary conditions.
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lattice considering Moore neighborhood and boundary periodic conditions.
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Regulatory Boolean networks

e Stuart. Kauffman,Metabolic stability and epigenesis in
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asynchronous automata : a logical description.”, J. Theor.
Biol. 153 ,(1991) 1-23

. Fg)agn6 ois Robert, Discrete Iterations, Springer Verlag,
1 :



ange a lot for different

ar or dissapear.

on network what is the “right” way to

hat there exists only fixed points.

sustness of the network (ro




esent here dynamical equivalence clas
and the notion of alliances

ns where defined to study yeast’s reg

ill always consider threshold interactions

n
'— —
xi—0©2wijxj 0, <0
=1

J




reshold interactions

otherwise




egulatory network (F,G
obtain two dynamics:

(Fvsl) and (F9S2)

are equivalent if and only if its phase space is the s

are “good” algorithms to determine
lent classes for reasonable size regulatory network
o more than 15 and no to much interconnectio

A., & Salinas, L. (2009).
2dules in Boolean networks. Biosyste




ration (a, ,...a, )E{0,1}” Is an alliance if a

P
H(E s, 2 VA SRR eik) kE{L,....p}
j=1 JEy iy

xE{0,1"7

kind of “local” fixed point but strong

der updates change







X1 =H(—X2 = DV l) X2 =n\_x2‘+x1

c) ’@V/\ﬁ@s / d) 19 oD

Fig. 1 In figures a) and c), the dotted lines represent negative interactions (weight= —1) while
he others are positive interactions (weight= 1). a) A BN of 2 nodes with threshold Boolean

ctions defined as z1, z9, and thresholds § = 0 and # = —1 respectively. b) The dynamical
behavior of a) for the parallel update schedule. Note that 9 = 1 is an alliance although the
dynamic has no fixed point. ¢) A BN as in a) but with both thresholds equal to —1. d) The
dynamical behavior of ¢) for the parallel update schedule. Note in this case that the network

has no alliance.
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Fig. 16 a) A BN of 3 nodes with threshold Boolean functions defined as z1, z2, z3 and
thresholds # = 0, = 1 and 6 = -2 respectively. Dotted lines represent negative interactions
(weight= —1) while the others are positive interactions (weight= 1). b) The BN of a) is reduced
after considering the alliance x5 = 1. Note that, the effect of 23 = 1 over z9 1s equivalent to
write 29 = H(zy — 9) while 21 remains the same.
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Fig. 3 The fission yeast cell-cycle threshold Boolean network. Using the same configura-
tion as [3], (color online) the green/solid edges represent positive weights (activations), the
red/dashed edges represent negative weights (inhibitory). The yellow/solid loops represent
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Fig. 2 Weight matrix and threshold vector for Yeast!
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Fig. 7 State transition graph for Yeast! using the parallel updating scheme. (Color online)
The twelve red circles represent the fixed point states, the three blue circles represent the
states that belong to the limit cycle.
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Fig. 5 The update subdigraphs associated with the partitions Pj(Ste9)....,Py(Ste9) respec-

tively, where an edge (7,7) is labeled by (¥ if and only if s(i) > s(j), otherwise, the edge is
labeled by (=) (see [17] for more details)
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Fig. 8 State transition graph for Yeast! using the block-sequential updating mode:
s(Weel/Mikl) = s(Cdc25) < s(Cdc2/Cdcl3) = s(Cdc2/Cdcl3*) = s(Ste9) < s(Ruml) =
s(Slpl) = s(PP) = s(Start) = s(SK). (Color online) The twelve red circles represent the
fixed point states, the four blue circles represent the states that belong to the limit cycle.



Fig. 9 State transition graph for Yeast! using the block-sequential updating mode:
s(Ruml) < s(Cdc2/Cdcl3*) < s(Slpl) < s(Cdc2/Cdcl3) < s(Ste9) = s(Weel/Mikl) =
s(Cde25) = s(PP) < s(Start) = s(SK). (Color online) The twelve red circles represent the
fixed point states, the two blue circles represent the states that belong to the limit cycle.



Fig. 10 State transition graph for Yeast! using the block-sequential updating mode:
s(Ste9) < s(PP) < s(Weel) = s(Mikl) = s(Cdc25) < s(Start) = s(SK) =
s(Cdc2/Cdcl13) = s(Ruml) = s(Slpl) = s(Cdc2/Cdecl3*). (Color online) The twelve red

circles represent the fixed point states, there are no limit cycles.
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Fig. 12 The budding yeast cell-cycle threshold Boolean network. Using the same config-
uration as [14], (color online) the green/solid edges represent positive weights (activations),
the red/dashed edges represent negative weights (inhibitory). The yellow /solid loops represent
self-degradation.
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Fig. 11 Weight matrix and threshold vector for Yeast?2
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The seven red circles represent the fixed point states, there are no limit cycles.
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